Abstract. We prove that a metric space with subexponential asymptotic dimension growth has Yu's property A.
Let X be a metric space. We denote by B(x, S) the closed ball with center at x and radius S. Recall that X has Yu's property A if there is a net of functions ζ n : X → ℓ 1 (X) such that
(1) ζ n x ≥ 0 and ζ n x = 1 for all n and x, (2) for every n, there is S n > 0 such that supp ζ n x ⊂ B(x, S n ) for all x ∈ X, (3) for every R > 0, one has lim n sup{ ζ
(See Remark 2 below on this definition.) Let us recall from [Dr] the notion of asymptotic dimension growth. Consider a cover U of X. It is uniformly bounded if the diameters of the elements of U are uniformly bounded. The Lebesgue number L(U) is the infimum of those λ ≥ 0 satisfying the condition that every subset B ⊂ X of diameter at most λ is contained in some element of U. The multiplicity m(U) is the maximal number of elements of U with a nonempty intersection. Finally, the asymptotic dimension function of X is an extended integer valued function ad X defined for λ ∈ [0, +∞) by ad X (λ) = min{m(U) : U a uniformly bounded cover of X such that L(U) ≥ λ} − 1.
The metric space X is said to have subexponential asymptotic dimension growth if ad X has subexponential growth. See [Dr] for details. In this short paper, we prove the following. Theorem 1. A metric space X with subexponential asymptotic dimension growth has Yu's property A.
This extends Dranishnikov's theorem ( [Dr] ) that polynomial asymptotic dimension growth implies Yu's property A. In [DS] , Dranishnikov and Sapir introduce the notion of dimension growth and prove that Thompson's group F has exponential dimension growth. At the end of [DS] , they ask whether expanders have exponential dimension growth and whether subexponential dimension growth implies coarse embeddability. As subexponential dimension growth implies subexponential asymptotic dimension growth (the converse is also likely, but it is not clear at the moment of writing and in particular it is not known whether Thompson's group F has exponential asymptotic dimension growth), the above theorem answers both problems in the affirmative. (See [Wi] for the relationships among Yu's property A, coarse embeddability, and expanders.)
Proof. The averaging method used in this proof is borrowed from [Ka] . We will reproduce it here for the reader's convenience. Let us fix n and construct ζ n : X → ℓ 1 (X). Take a uniformly bounded cover U = {U i : i ∈ I} of X such that L(U) ≥ 6n and m(U) = ad X (6n) + 1. For every i ∈ I, we choose x i ∈ U i and let J : ℓ 1 (I) → ℓ 1 (X) be the corresponding contraction sending δ i to δ x i . For every x ∈ X and k ∈ N, we set S x (k) = {i ∈ I : B(x, k) ⊂ U i }. Then, for every x, y ∈ X and R ∈ N with d(x, y) ≤ R, one has
For every non-empty finite subset S, we denote by ξ S = |S| −1 χ S the uniform probability measure on S and note that
Now, we define
It is left to verify the condition 3. Let R ∈ N be given and consider n > R. Then, for every x, y ∈ X with d(x, y) ≤ R, one has
Since m(U) = ad X (6n) + 1 has subexponential growth in n, we obtain the conclusion.
Remark 2. The definition of Yu's property A used in this paper is different from the original one (particularly when X does not have bounded geometry). However, since each ζ n constructed in the proof is such that m(U)!nζ n x are integer-valued for all x, Yu's property A in its original form ( [Yu] ) also follows. See [Wi] for more information.
